system modeling is applied to estimate the probability distribution for the number of customers in a general, single server queueing system with infinite capacity utilized by an infinite customer population. Limited to knowledge of only the mean number of customers and system equilibrium, entropy maximization is used to obtain an approximation for the number of customers in the G[G[1 queue. This maximum entropy approximation is exact for the case of G=M, i.e., the M[MI1 queue. Subject to both independent and dependent information, an estimate for the joint customer distribution for queueing systems in tandem is presented. Based on the simulation of two queues in tandem, numerical comparisons of the joint maximum entropy distribution is given. These results serve to establish the validity of the inference technique and as an introduction to information theoretic approximation to queueing networks.
I. Introduction
Classical queueing theory [1] [2] [3] has proven to be quite successful in modeling both communication networks [4, 5] and computer systems [6, 7] . In most cases, rather unrealistic assumptions about either the underlying arrival process (e.g., Poisson) or serivice distribution (e.g., negative exponential) must be employed to obtain results as it is under these assumptions that queueing theory most easily yields solutions. Because the processes of "real world" systems generally * This work was supported under a Naval Research Laboratory Fellowship under Grant N00014-83G-0203 and under an ONR Grant N00014-84K-0614 do not obey this exponential structure, the success of the models has remained in doubt.
Shore [-8] has proposed an explanation based on information theoretical system modeling and the principle of maximum entropy or, more generally, the principle of relative-entropy [9-] . In Shore's approach, an abstract system model consisting of various "states" is introduced. The probability of the occurrence of a certain state is estimated by the maximum entropy distribution subject to known information in the form of expected values of functions of the states. A relationship between the abstract system and the actual system is thereby established and estimates of desirable probability distributions of the model are obtained. Shore utilizes this technique to derive both the equilibrium and time-dependent probability distribution for the number of customers In this paper, information theoretic system modeling is applied to estimate the probability distribution for the number of customers in a general, GIG[l, queueing system. The extension to queueing networks is considered through the approximation of N systems in tandem.
Bene~ [10] , it appears, first proposed use of maximum entropy and statistical mechanical analysis of large-scale communication systems. For a telephone system in which only the expected number of calls in progress is known, Bene~ shows that the maximum entropy distribution is precisely that which is obtained as the equilibrium distribution of an ergodic, reversible birth-death Markov process with constant birth and death rates. A direct implication of this result is that constrained only by the expected number of customers in the system, the maximum entropy approximation to a single service queueing system is the celebrated M[M[1 queue. The maximum entropy distribution is, of course, obtained independently of the underlying stochastic processes and under moderately few technical assumptions [9] .
Ferdinand [11] uses the principles of statistical mechanics to derive the solution to the M[Mll[N (finite capacity) queue. In later work, Shore [12] establishes maximum entropy (termed information theoretic) approximations for a number of "performance distributions" of MIG[1 and GIG[1 queues at equilibrium. These performance distributions, such as the number of customers in the system, a customer's waiting time, or the number served in a busy period, are estimated subject to moments of the interarrival and service time distributions. It is demonstrated that, using relatively few moments, that maximum entropy provides good approximations to a variety of M[G[1 systems. Further, for many of the distributions, the approximations yield exact results when G=M. Using an approach similar to that of Shore, E1-Affendi and Kouvatsos [13] independently establish a maximum entropy approximation to the number of customers in a M[G]I system as well as the service distribution corresponding to the estimate. Further, an approximation to a specific G[M[1 queue is determined. In Sect. 2 of this paper, the general relative entropy formalism and technique for solution are presented, and the specialized case of entropy maximization is discussed. These techniques are applied in Sect. 3 to derive the maximum entropy approximations to the G IGI1 queueing system. In Sect. 4, utilizing the G IGI1 approximation, the maximum entropy approximation to the joint distribution of the number of customers in N queues in tandem is established. A discussion of maximum entropy "product form" solutions subject to information on the marginal and joint distribution is included. In Sect. 5, numerical comparisons of the maximum entropy approximation for known or simulated distributions for two queues in tandem are given. The paper is concluded by a general discussion in Sect. 6.
Problem Statement and Relative-Entropy Minimization
Consider a system that has a countable set S of possible states with 
The constraints (1)-(3) do not precisely identify q+. Indeed, besides the true distribution, q+, there exists a subset of distributions D' of D which also satisfies all constraints. One way of uniquely choosing an estimate for q+, wellaccepted in the literature [14, 15, 9] , is the method of minimizing the relative entropy (also known as cross-entropy, Kullback-Leiber number, directed divergence, or discrimination information), namely, choose q~D so that H [q,p] defined by
is minimized. The choice of q as above is called the final value distribution.
For estimating probability distributions, relative-entropy minimization has been shown to be self-consistent and uniquely correct [9] , and, therefore, the estimates are sometimes called information theoretic approximations. It turns out [15] [16] [17] that if there exists a solution to (4) such that the constraints (1)-(3) are satisfied, then that solution has the form
at all states, except possibly on a set for which q is identically zero [16] . In (5), flz, l=0, 1 ..... M are Lagrangian multipliers. Further, if flz can be determined such that the constraints (1)-(3) are satisfied, then a solution to (4) exists* and is given by (5) . From (2) and (5), the following partition function exp(flo) given by M exp(flo ) =~exp(-~ flzfz(S~)) (6) i 1=1 or fl~ =l~ -z= flJz(Si)
can be defined, noting that fl0 is a function of the other multipliers. If the sum in (7) converges and, in particular, assumes a closed form solution, then the multipliers may be determined via the following relations:
-<f,).
In the event that no closed form is obtainable or the system (8) is inconsistent, the multipliers must be approximated by numerical techniques [18] . For systems that have an uncountable number of system states, the sums are replaced by integrals in the usual way.
Entropy Maximization
When little is known a priori about the distribution to be estimated, a natural choice for the initial value distribution is one in which all states are given equal weight, i.e., the uniform distribution on S. In this case, the solution q in (4) is said to maximize the entropy H given by n [q] = -~ q (Si) log(q (Sz)).
i When a solution exists, q is denoted the maximum entropy approximation to q+ and is given by M
ex ( )
Note that (10) is identical to (5) with the initial value distribution deleted. A large value of the entropy functional (9) corresponds to a high degree of uncertainty. The maximum entropy distribution can thus be interpreted as the probability distribution that reflects maximum uncertainty while utilizing all available information. In this sense, it is the "least biased" or "most conservative" distribution one can propose which satisfies all constraints.
In the following section, the methodology of relative-entropy minimization is applied to obtain approximations to the number of customers in a GIG tl system at equilibrium. * The issue of existence of a solution has been studied by 
Maximum Entropy Approximation to General Queueing Systems
Consider a queueing system consisting of an infinite customer population from which individual customers arrive singly with interarrival times identically distributed according to a general distribution A(t). The customers (possibly) wait in an infinite capacity buffer, then are served individually by a server according to a general service time distribution B(t), and finally return to the arriving portion of the customer population. The queueing system is assumed to be at equilibrium with the steady state distribution to the number of customers in the system denoted by q+.
Available information in a queueing system is often in the form of moments of the interarrival distribution am=St"dA(t ) re=l,2 .... and the service time distribution s,,=StmdB(t) re=l,2 .....
The ratio of the first moments, p=s1/al, is denoted the utilization factor, and it determines the traffic intensity or "loading" on the system [2] .
Based on the expected number of customers in the system, (K), the maximum entropy approximation to q+(K) can be obtained subject to q(K=k)=l (11) k=O and kq(K =k) =(K>.
k=O From (6)- (8) and (10), it follows that (see [12] for details)
The distribution, q(K), has nothing specifically to do with a queueing system but is the maximum entropy distribution obtained from a single moment constraint and normalization, and (13) is applicable to any system whether or not the system is at equilibrium when only the mean of the distribution to be estimated is available. What is of interest here is that (13) (14), (13) follows. The implication of the result is that the maximum entropy approximation to a GIG]I system subject to only the mean number of customers is the M[M[1 queue. It turns out that this approximation is sometimes a satisfactory estimate for the MIG[1 system [12] , especially when the service distribution is close to exponential, e.g., the M IH2[1 system, but as a general G[GI1 approximation, there is no reason to assume (13) will be "close".
To specify the queueing system, we impose additional constraints. Namely, as is well-known [1, 2] , all single server systems at steady state satisfy the equilibrium condition 1 -q(0) 1
s 1 a 1 which has the interpretation that the average rate of arrivals to the system is equal to the average rate of departures. Now, subject to (11)- (12) and rewriting (16) as
where p =sl/al, the following queueing system approximation can be considered. The constraint (17) can be posed as where
The maximum entropy solution has the form
Far notational convenience, pose
and observe from (19) that (19) From (11), (12), (17), and straightforward manipulations, we obtain:
Substituting the values for x, y, z in (20) , the approximation to the G IG]I queueing system is given by
For the particular case of p=(K)/(I+(K)), (21) reduces to q(K=k)= (1 _p)(p)k the exact MIMI1 formula as expected. It is noteworthy that in [12] (17) is applied not as a constraint but as a condition on the solution, (13) . This results in a GIGI1 approximation given by (14) which is clearly less general than (21).
In the following section, utilizing the approach which led to the G IGI1 approximation, maximum entropy approximations to the joint distribution of the number of customers in more than one queueing system is examined and the approximation to queues in tandem is presented.
Maximum Entropy Approximation to Queueing Systems in Tandem
Under certain conditions, the relative-entropy joint distribution, or, specifically, the maximum entropy distribution, is equal to the product of relative-entropy distributions. The concept of product form distribution is stated precisely below.
i.e., the joint distribution is equal to the product of the marginal distributions
The above definition is, of course, equivalent to the random variables K1,Kz,...,K N being statistically independent. Much of this section will be devoted to the discussion of when the approximation is of the product form.
Maximum Entropy Approximation to N General Queueing Systems
Subject to constraints only on the mean number of customers in each system and equilibrium, it is now shown that the maximum entropy approximation to the joint distribution of the number of customers in N queueing systems is a "product form" solution. The equilibrium condition for each system is as before; the average arrival rate is equal to the average departure rate. For notational simplicity, let (Ki): = the expected number of customers in system i and S(i) p~: =~)=the utilization factor for system i a 1 where s~ ) and a~ ) are the first interarrival and service moments of system i. Under the above assumptions on the constraints of the joint distribution, the following result can be shown. 
where, by assumption, fi(K1, K 2 ..... KN) is a function of only K~. Specifically,
by simply relabeling the multipliers r2~=2~. I(K~) is defined by (18) . Under the assumption that the marginal distributions satisfy the normalization constraint, the product form follows. By (22) , it is clear that the maximum entropy approximation to each marginal distribution is exactly the G IGI1 approximation given by (21) and (23) is obtained. Q.E.D.
It should be emphasized that Proposition 1 is not a result on queueing networks. A queueing network is an inter-connected group of queueing systems where customers can enter an individual "node" (queueing system), extract service, and then either depart the network completely or go to another node and extract more service. In order to discuss approximating distributions to such systems, many new parameters must be considered, such as the network topology or the possible transitions between systems. To utilize information theoretic analysis, it is necessary to capture the system interaction through appropriate equilibrium constraints. In the certain instances where one has knowledge of rate balance equations for each individual node of a network as well as system equilibrium rate balance equations, one possible approach follows from relative-entropy minimization subject to fully decomposable subset and aggregate constraints [19] . This technique is not considered here; instead, it turns out that the approach utilized for the single queueing system is applicable to an elementary queueing network, namely, queueing systems in tandem.
Maximum Entropy Approximation to Tandem Queues at Equilibrium
A simple queueing network topology is N queues in tandem. The tandem queueing network of consideration consists of N queueing systems in which customers departing node i immediately enters node i+ 1. It is assumed that once a customer enters the first node, he must extract service at each node before departing the network and reentering the arriving customer population. The arrival rate for node i+ 1 is therefore the departure rate for node i. It is further assumed that the system as a whole is at equilibrium, so, by the topology, it follows that
i.e., the average arrival rate to all nodes is identical and therefore must be equal to the arrival rate to the first node; 1/a(~ 1). Hence, subject to (24), equilibrium, and the expected number of customers in each node, (22)- (23), is the maximum entropy approximation to the distribution of the number of customers in a network of tandem queues where Pi has the particular form s(~ Pi =a (11) 9 Although the interconnection of the tandem queues can be addressed by (24) , the form of the approximation (22) is generally incorrect. The only known tandem network with a product form distribution for the number of customers in the network is one with Poisson arrivals to the first node and where customer service times in each node are distributed according to an exponential distribution. Moreover, the service times for a specific customer are independent from node to node. The product form follows directly from Burke's Theorem [2] , and it turns out that each node is an M[MI1 queue [2] . Thus, in order to obtain a maximum entropy approximation to the tandem network which is not of the product form, it is necessary to repose the inference problem and obtain the approximation subject to "dependent" information. This notion of dependent information is now made precise.
Maximum Entropy Approximation Subject to Joint Information
Subject to information only on the marginal distribution, the maximum entropy approximation to a joint probability distribution is of the product form [17] . Conversely, if there is any hope of capturing the possible dependence of random variables, it is necessary to use constraints which give information on two or more random variables simultaneously, i. There is nothing in the maximum entropy formalism which disallows obtaining the maximum entropy solution subject to constraints only on the joint distribution. Under the assumption that the problem is well-defined, it turns out that all marginal distributions are identical. It appears, however, that in general, nothing can be stated about whether the approximation to the joint distribution is of the product form.
The relative-entropy approximation subject to constraints on both the marginal and joint distribution can still be of the product form. Under the assumption that the initial value distribution is of the product form, necessary and sufficient conditions are presented for the special case of moment constraints. The proof of the following proposition is given in the Appendix. 
. KN) subject to both marginal and joint moment constraints is of the product form if and only if each joint constraint is equal to the product of marginal constraints satisfied by the approximation.
If the random variables K i are correlated, then joint constraints can be used to force probabilistic dependence of the approximation. In the present application where the random variables represent quantities of individual systems, joint constraints thereby provide a means for the modeling and eventual analysis of system interaction.
As a special application of the preceding result, consider the maximum entropy approximation to the joint distribution q+(K i,K2) subject to normalization and the covariance of the random variables K 1 and K2, i.e.,
Cov(K1K2):= ~, (KI-(Kx))(K2-(Kz))q(K1,K2). KI,K2
This is not a valid constraint as the covariance cannot be written as the expected value of a single function of the random variables. However, if the problem is posed as the determination of the maximum entropy distribution subject to (K1), (K2) , and (K 1 K2) , the problem is generally well-defined and the solution will automatically satisfy the covariance, Cov(K 1 K2). Noting that
Cov(K1 K2) = (K 1K2) -(K,) (K2)
and under the assumption of zero covariance, the joint constraint is equal to the product of marginal constraints. Hence, subject to constraints only on the means and the first joint moment, the maximum entropy approximation is of the product form if and only if the random variables are uncorrelated.
Maximum Entropy Approximation to Two Queues in Tandem
Using the preceding ideas, the maximum entropy approximation to the number of customers in a two-node tandem queueing network subject to both marginal and joint constraints is now presented. Two separate.approximations to q+(Kp K2) are considered.
The first approximation is obtained subject to normalization, and the independent information: (K1), Pl, and (K2) , P2 where pi=s~)/a] 1). As already noted, the maximum entropy solution is a special case of Proposition 1.
Let qx(K1,K2) denote this approximation which is given by where q,(Kx,Kz) =ql(KOqa(K2)
The second approximation is obtained subject to the same constraints on
qI(K1,K2) and the first joint moment, (KIK2). The form of the approximation denoted, q2(K1,K2), is given by

q2(Kx,K2)=exp(-flo-fllKl-fl2I(K1)-fl3Kz-fl4I(Kz)-flsK1Kg). (26)
In this case, no analytic form could be found and, for the forthcoming numerical results, (26) will be estimated by the APL function of Johnson [18] , which computes estimates of relative-entropy approximations given an arbitrary constraint matrix. These approximations will be compared in the following section for a variety of two-node queueing networks.
Numerical Results
As far as can be determined, there are essentially no known distributions for the number of customers in a network of tandem queues except for a tandem network of M IMI1 queues. In order to compare the approximations, a simulation of two queues in tandem was performed using an APL function which computes the joint distribution. The simulated distribution will be denoted
qS(K1,Kz).
To verify the accuracy of the simulation, a chi-square goodness of fit test [20] was performed at the five percent level for the MIM[1-oMI1 system. After performing the test, it was determined that the null hypothesis; the distribution observed is the joint distribution for the number of customers is a Jacksonian tandem network I-2] of M I M[ 1 queues could not be rejected. Two different networks were simulated, one in which customers require service according to the same general distribution in each node but have independent service times and one in which a customer has the identical service time in both nodes. One reason for considering these networks is that for the simulation distributions, Cov(K1,K2) was generally larger than for systems with independent, identically distributed service times. In both networks, customers arrive to the first node according to a Poisson process, and the first node is therefore an MIGI1 queue. A comprehensive analysis of the network where customers have identical service times in both nodes under the assumption of Poisson arrivals to the first queue is given in Boxma [21] , the particular case where the first node is an M IMI1 queue is considered in Pinedo and Wolff [22] .
As stated, the approximations (25)- (26) -t) + ~exp(-2 t) (27) from which it follows that s]~)=5/8. Hence, Pl =5/8. By (24) , the arrival rate to the second node is also equal to one, even though the departure process from the first node is not Poisson. The customers receive service in the second node with density given by (27) , but each customer has a service time length independent of his service time in the first system. Regardless of this independence condition, the utilization factor of the second system is given by P2 All discussion of Example 1 applies to this second example, except now customers have identical service times in each node. The service density in node one is again given by (27) , so the first system is an MIH2[1 queue and the network will be denoted by M IH211 ~II1 where "I" indicates identical service times. From Example 1, it follows that Pl =5/8=p2. The simulation was run for 2,536 customers, and the following statistics were computed: (K1)=1.70 =(K2) and (K1K2)=4.1. Hence, Cov(K1,K2)=l.22 , and customers having identical service times in each node significantly increases the correlation of the random variables K~ and K 2 as expected. In the third example, customers again arrive to the first node according to a
Poisson process with rate equal to one. Each customer then demands a fixed amount of service of length equal to 0.5. The first node is therefore an MIDI1 system with service time density given by
where ~ is the usual Dirac delta function. From (28), it is clear that s 1 =0.5, and by a similar argument as in the preceding examples, the utilization for both systems is equal to 0.5, i.e., pl =0.5 =P2. In the fourth example, customers arrive to the first node with rate equal to 0.8 and demand service according to a negative exponential distribution. Hence, the first node is an M IMI1 queue. The service density is given by
so s]l)=l. Each customer has identical service times in each node, and thus this network differs from a tandem network of MIM]I queues discussed in connection with Jackson's and Burke's theorems. The utilization factor for each node is given by Pl =0"8=p2' The simulation was run for 4,840 customers, and the following statistics were computed: (KI> =3.36, (K2)=2.83, and (K1K2>=13.14. From the Pollaczeck-Khinchin formula, (K1>=4 when computed from the true distribution. For the simulation distribution Cov(K 1, K2)=3.9, which is the largest correlation among the examples. For each example, the results of the comparisons are given in Tables 1-4 . Due to the generally small probabilities of any given state, both approximations qa(K1,K2) and qz(K1,K2) are "close" to the simulated distributions under the measures of maximum pointwise difference and the sum of the square of pointwise difference. Hence, the relative-entropy measure (average percentage of relative difference) is the most revealing. By the relative-entropy measure, both approximations in examples one and two differ from the simulation by less than one percent. The addition of the joint constraint results in a 2.4 percent increase in accuracy in Example 3 and a four percent increase in Example 4, the most correlated among the examples. 
Discussion
In this paper, information theoretic analysis was applied to obtain an explicit maximum entropy distribution for the number of customers in a G IGI1 system subject to "minimal" information. The approach was then extended to multiple simultaneous G IGI1 systems where the approximation was obtained subject to independent information resulting in an independent (product form) distribution. The result is of interest primarily because it sparked a general discussion of product form approximations where it was determined that dependency of random variables is captured only by imposing constraints on both the marginal and joint distributions. Moreover, although not directly applicable, the result serves to stimulate interest in the use of this inference technique for networks of queueing systems. The difficulty in applying maximum entropy analysis to a network of queues lies in capturing the interconnection of the systems. As a first step, a very simple network, queues in tandem, was considered. For this network, the interconnection of the queues was captured by the equilibrium constraint, which led to an explicit formula for the number of customers in the tandem system subject to the mean number of customers in each system. A secondary problem, that of the form of the approximation, was addressed by adding an additional constraint on the first joint moment. This result is interesting because it identifies minimal information for a joint system that addresses the possible dependency of the random variables.
The maximum entropy approximation could prove useful in applications in which knowledge of the full probability distribution is necessary. One example is queueing network control. By straightforward techniques (measurement or prediction), it is common to know (or have unbiased estimates of) average flows and average service rates and thereby average queue sizes. Higher order moments such as variances are needed, however, to apply modern distributed routing algorithms that utilize estimates of flow derivatives. The more sophisticated versions of these algorithms require the entire distribution to predict the optimal control function. It should be noted that the maximum entropy approximation has been shown to be continuous as a function of the constraints 1-23]. Thus, if only good estimates of moments are available (for example, through repeated sampling), the approximation will be close to the approximation subject to the true (unknown) moments.
The approximation could also be used as an additional tool in conventional operational analysis [24] [25] [26] . Indeed, in the present approach, standard performance measures are utilized as constraints for the distribution. In any case, if the customer population approximation is close to the true distribution in some precise sense, then it can provide a more extensive analysis of system interaction. For example, knowledge of the joint customer distribution readily provides the distribution for the number of customers in the network as well as marginal and conditional customer distributions. From the conditional distributions, conditional moments can be computed and, under appropriate assumptions, estimates of conditional expected delays and sojourn (response) times become available.
Tandem queues were selected to introduce the approach to networks. Because of the special topological structure, much is known [21, 22, 27] about such systems. The focus here is not the particular study of tandem queues but an initial consideration of the issues involving information theoretic analysis for queueing networks. It seems clear that the approach applied to the tandem network can be extended to more general networks through imposed marginal and joint constraints along with analogous equilibrium constraints that reflect the topological structure.
To assess the quality of the two maximum entropy distributions as approximations to the customer distribution of a tandem network, several different examples were presented. The particular case of a two-node network was considered where customers extracted service according to a variety of distributions and had either identical or independent and identically distributed service times in each node. Based on these examples, it appears that minimal information results in "good" approximations. In particular, for small correlation, it appears that the product form approximation is quite accurate. This approximation is appealing as it has closed form solution. When, however, the random variables are strongly correlated, the joint constraint should become more important.
A question that arises in comparing probability distributions is what constitutes a good measure of closeness. For distributions such that the probability of any particular state is small, for example, if the mass is spread "uniformly" over a large state space, the maximum absolute pointwise difference of the sum or the square of the pointwise difference of the two distributions is expected to be small. In this case, it appears that the relative-entropy between the two distributions is best among the three proposed measures as it relates the two on a "micro" level. Emphasizing this measure for the tandem examples, it is reasonable to say that the approximations, in particular those obtained with the joint constraint, are all close. Of course, far more analytical and numerical work is needed to say anything precise about the approximations, but as an inference technique for single system queues and possibly networks of queues, the results are promising.
However, by uniqueness of the relative-entropy solution, fit=O, M+ 1 <_INN and the product form solution follows.
Conversely, if the relative-entropy approximation is of the product form, and every joint constraint is a joint moment satisfied by the approximation, then it follows that 
K1 K2 KN
Hence, each joint constraint is equal to the product of marginal constraints satisfied by the marginal relative entropy distributions. Q.E.D.
